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The micro-structural parameters such as reinforcement shape, size, distribution, volume fraction, property mismatch, 
aging condition, bonding strength, and whisker orientation can influence the fatigue life of discontinuous reinforced metal 
matrix composites (DRMMCs). The strengthening effect plays a vital role in predicting the fatigue behaviour of DRMMCs. 
The modified shear lag (MSL) and enhance dislocation density (EDD) are two main factors that describes the strength of 
DRMMCs. In the present work, fatigue crack growth life model based MSL and EDD strengthening mechanism has been 
developed by integrating fatigue damage deformation at the crack-tip under the total strain-controlled conditions. The closed 
form expression predicts the dependency of particle size, reinforcement volume fraction and reinforcement constraint of the 
matrix on the fatigue crack growth life. The model fitting with experimental data affirms the appropriateness of proposed 
fatigue crack growth life prediction model for DRMMCs. 
Keywords: Fatigue crack growth life, Enhance dislocation density, Fatigue damage zone, Micro-structural, Discontinuous 
reinforced metal matrix composites 
1 Introduction 
The fatigue is a complex metallurgical process in 
discontinuous reinforced metal matrix composites 
(DRMMCs). Fatigue results the cyclic/recurring 
variable stress levels within the material, the area 
around reinforcements, and the mismatch in stiffness 
of its constituents. The matrix in DRMMC could 
lock-in stresses during manufacturing or under the 
application of mechanical loading
1-3
. It has been 
established that the fatigue crack growth life of 
DRMMCs can be controlled by the micro-structural 
parameters such as particle size(alternatively, the 
aspect ratio), reinforcement volume fraction, 
interfacial bonding strength, constraints of particle in 
matrix material, etc. A well-established fatigue crack 
growth model can help in avoiding the catastrophic 




Over the last two decades, a few analytical fatigue 
life prediction models, based on the micro-structural 





proposed the micromechanical model for 
predicting the fatigue life of Al-SiC DRMMC 
whereas Ding et al.
9-11
models are based up on the 
linear elastic fracture mechanics theory. The 
strengthening effect, attributed by the load bearing 
effect of hard reinforcement
14-16 
and enhanced 
strength of matrix supported by the increase in 
dislocation density of matrix
17-20
, plays an important 
role in the estimation of fatigue crack growth life. 
Many researchers
21-24
have used both the strengthening 
factors for predicting the strength of these composites. 
Ramakrishnan’s
21
model is based on the strengthening 
factor that assumed increase in dislocation density due 
to increase in the residual plastic strain. Zhang et al.
25-
26
developed a micro-structural based crack initiation 
model using the concept of Gibbs free energy
26
in 
which reinforcement size and yield strength is related 
to the fatigue life strengthened by both the modified 




In the present work, a closed form expression of 
fatigue crack growth life for DRMMCs based on the 
strengthening effect attributed by the load bearing 
effect of hard reinforcement (MSL model) and EDD 
of matrix is obtained. The proposed model can be 
used to study the influence of dislocation density of 
matrix for low cycle fatigue applications. The model 
predicts effects of the micro-structural parameters 
such as the reinforcement size, volume fraction, cyclic 
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strain hardening exponent, cyclic strength coefficient 
and level of constraint in the crack-tip region on the 
fatigue crack growth life. The analytical  
results are compared with the experimental 
observations available in literature. 
 
2 Fatigue Life Prediction Model 
The concept of cyclic plastic zone (CPZ) in metals 
can be extended for the calculation of fatigue crack 
growth life of DRMMCs
9-13
.It has been established 
that the prominent factors responsible for the actual 
degradation process are the enhanced dislocation 
density near the interface, the hydrostatic stresses 
within the constrained matrix, the brittle nature of 
fibres, the stress concentration and the plastic flow 
constraint of the metallic matrix due to the presence 
of reinforcement fibres
11,26
.The micro-structural effect 
of reinforcement on the cyclic plastic deformation 
very near to the crack-tip, where the actual 
degradation occurs within the fatigue damage zone 
(FDZ), is considered in the present model. 
 
2.1 Reinforcement strengthening mechanism 
DRMMCs can be strengthened by the load bearing 
effect of hard reinforcement (MSL model)
14-16 
and 
enhancement in the dislocation density of matrix 
(EDD model)
17-20
. The present model incorporates 
both the strengthening factors for estimating the 
fatigue crack growth life. The yield strength of 




𝜍𝑐𝑦 = 𝜍𝑚𝑦  1 + 𝑓𝑀𝑆𝐿  1 + 𝑓𝐸𝐷𝐷  …(1) 
 
where, 𝜍𝑐𝑦  is the cyclic yield strength of DRMMCs, 
𝜍𝑚𝑦  the cyclic yield strength of matrix, 𝑓𝑀𝑆𝐿  and 
𝑓𝐸𝐷𝐷  are the improvement factors quantifying the load 
bearing effect of hard reinforcement and dislocation 
strengthening of matrix, respectively.  
The load bearing factor can also be calculated 
using MSL model
27 
by considering the stress 
concentration at the particle end and stress behaviour 
of matrix from elastic to plastic state. The particle 
stress in plastic region relates the yield strength of 
DRMMCs with the yield strength of matrix alloy as
27 
 
𝜍𝑐𝑦  = 𝜍𝑚𝑦  1 +  
8𝑉𝑓
2 𝑙 𝑑  2 𝐸𝑓−𝐸𝑚  
3 𝐸𝑓+ 4𝑉𝑓 𝑙 𝑑  
2𝐸𝑚  
  …(2) 
 
where, 𝑉𝑓 the particle volume fraction, 𝑠 the aspect 
ratio, 𝐸𝑚  and 𝐸𝑓  are modulus of elasticity of matrix 
and reinforcement materials, respectively. 
For MSL model, the Eq. (1) can be rewritten as
21 
 
𝜍𝑐𝑦 = 𝜍𝑚𝑦  1 + 𝑓𝑀𝑆𝐿  …(3) 
 
Thus, Eqs. (2) & (3) gives load bearing factor as 
 
𝑓𝑀𝑆𝐿  = 
8𝑉𝑓
2 𝑙 𝑑  2 𝐸𝑓−𝐸𝑚  




The dislocation density factor, effective strain 









where, 𝑘 the constant, 𝐺𝑚 the shear modulus, 𝑏 the 
Burger’s vector and 𝜌 the enhance dislocation density 
of matrix material.  
The dislocation density for cube-shaped 
particle/fiber is given as
21 
 





where, 𝑑 the particle size, ∆𝛼 the difference in 
coefficient of thermal expansions and ∆𝑇 the 
temperature difference. Thus, yield strength of 
composite may be expressed as 
 
σcy=σmy   1+ 
8Vf
2 l d  2 Ef-Em 




    
…(7) 
 
2.2 Crack-tip deformation characteristics for fatigue crack 
growth 
The present model considers potential energy that 
is approximately equal to interaction energy between 
the stress-strain field and FDZ size. The 𝐽 integral 
(local driving force) for non-linear material, the rate 
of change of potential energy with the crack 
advancement
28
, is expressed as: 
 







for FDZ volume is  
given by: 
 
𝑈𝑖𝑛𝑡 =  − 𝜍 𝑢 𝜀𝑝𝑙    𝑑𝑢 …(9) 
 
where, 𝜍 the local cycle stress amplitude 
and 𝜀 𝑝𝑙     the accumulated average plastic strain.  
The interaction energy can be used for the 
calculation of FDZ size by assuming the uniform 
local cyclic stresses equal to the matrix ultimate stress 
(𝜍𝑚𝑢 )as: 
















the area of FDZ 
and 𝑤𝐹𝐷𝑍 ,𝐶  the size of FDZ in DRMMC. The 
interaction energy per unit size is in the perpendicular 
direction to the crack-plane. 
The accumulated plastic strain in FDZ may be 
expressed as: 
 
𝜀𝑝𝑙    =  
1
𝑊𝐹𝐷𝑍 ,𝐶





The stress-strain expressions within the CPZ 














𝑛 ′+1 …(12) 
 



















cyclic-plastic strain amplitude and 𝑛′ the cyclic strain 
hardening exponent. 
The well-established concept of CPZ is used to 
evaluate the crack driving force. The CPZ includes 
FDZ very near to the crack-tip shown in Fig. 1. The 
local shearing takes place in FDZ during crack growth 
and the local cyclic stress level approaches to the 
ultimate tensile strength of DRMMCs
31-32
. The CPZ 
size, obtained from the elastic plastic fracture 

























where, 𝜆𝑙 the correction factor under large-scale 
yielding (LSY), the effective stress intensity range 
based on cyclic stress-strain curve 
relationship ∆𝐾𝑒𝑓𝑓 =  
∆𝜍𝑒𝑓𝑓
2
𝑌 𝜋𝑎 in which the 

















, 𝑌 the crack geometry correction 
factor, 𝐶𝜀  the constraint, 𝐾
′ the cyclic strength 




 approaches the 𝜍𝑚𝑢  (ultimate tensile 
strength), the size of FDZ (Eq. 12) may be expressed as 












′ +1 𝑛 ′  
𝜍𝑚𝑦
2𝜍𝑚𝑢









and, incorporating the micro-structural and 






2   1+ 
8Vf
2 l d  2 Ef-Em 
3 Ef+ 4Vf l d  
2Em 







 3𝑛 ′ +1 𝑛 ′  
𝜍𝑐𝑦
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The accumulated average plastic strain (𝜀𝑝𝑙    ), 
calculated from Eqs. (11 & 13), may be substituted in 
Eq. (10) to find out the interaction energy as 
 

















The cyclic 𝐽 integral, required to propagate the 






2   1 + 
8𝑉𝑓
2 𝑙 𝑑  2 𝐸𝑓 − 𝐸𝑚 
























2.3 Fatigue crack growth life 
The cyclic 𝐽 integral correlates the crack-tip 





Fig. 1 — The fatigue crack-tip region including the cyclic plastic 
zone and the fatigue damage zone in DRMMC13. 




∆𝐽 =  𝜔𝜍𝑐𝑦∆𝐶𝑇𝑂𝐷 …(19) 
 
where, 𝜔 is taken 1 for the plane stress and 2 for 
the plane strain conditions. The ∆𝐶𝑇𝑂𝐷 for plain 







2   1 + 
8𝑉𝑓
2 𝑙 𝑑  2 𝐸𝑓−𝐸𝑚  
3 𝐸𝑓+ 4𝑉𝑓  𝑙 𝑑  
2𝐸𝑚  




The fatigue crack growth rate, equal to one-half of 
the CTOD
31









2   1 + 
8𝑉𝑓
2 𝑙 𝑑  2 𝐸𝑓−𝐸𝑚  
3 𝐸𝑓+ 4𝑉𝑓  𝑙 𝑑  
2𝐸𝑚  




The fatigue crack growth life, incorporating both 
the load bearing effect and dislocation density effect, 
may be calculated by integrating Eq. (21) from the 
initial crack length (𝑎𝑖) to the fracture length (𝑎𝑓)may 









2 l d  2 Ef-Em 



























Table 1 lists the parameters used in the calculation 
of fatigue crack growth life for different DRMMCs. 
For aluminum based DRMMCs, 𝐶𝜀 = 0.2 and 
𝑌 = 1.1235,36, 𝑏 = 2.86×10-10 m and 𝑘 = 1.25 are 
used
21,26,35,36
. Moreover, initial crack size 𝑎𝑖 =5 µm 
and final critical crack length 𝑎𝑓 = 2 mm are 
considered for the high strength aluminium alloy
37,38
. 
The increment in dislocation density starts around 800 
K; thus, ∆𝑇 = 510 K is considered11,38. Using one of 
the experimental values of 
∆𝜀𝑝𝑙
2



















  …(23) 
 
3.1 Relevancy of present model 
Figure 2 predict the fatigue crack growth lives for 
different DRMMCs (Eq. 22), incorporating the load 
bearing effect of hard reinforcement (MSL model) 
and dislocation density of matrix (EDD model), 





3.2 Influence of micro-structural parameters on the fatigue 
crack growth life 
The influence of micro-structural parameters such 
as reinforcement size, reinforcement volume fraction 
and the level of constraint near the crack-tip on the 
fatigue crack growth life of AA2014- Al2O3(P) 




) are investigated. By 




4.81×10-4, 3.58×10-4, 2.02×10-4 and 1.89×10-4, all 
under total strain controlled condition
39
. Figure 3 
shows the effect of reinforcement size (𝑑) (assuming 
cubic particle; alternatively, unity aspect ratio) on the 
fatigue crack growth life (2𝑁𝑓 ) of AA2014- Al2O3(P) 
DRMMC, keeping plastic strain amplitude  
∆𝜀𝑝𝑙
2
 as a 








level, initially the 2𝑁𝑓decreases rapidly (up to 5 µm), 
followed by gradual decrease with an increase  
in the 𝑑. Higher 𝑑 results into earlier crack  




is   kept  constant.  Chawla  et al.
38 
 and  Bosi  et al.
41
  
observed the similar results for AA2080-SiC and 
AA6061-Al2O3 particle reinforced composites, 
respectively. 
Figure 4 shows the effect of volume fraction(𝑉𝑓) on 
the 2𝑁𝑓  keeping  
∆𝜀𝑝𝑙
2




results into earlier crack growth; consequently,  
leads  to   low 2𝑁𝑓   which  has  been  experimentally
40
  
Table 1 — Mechanical parameters of aluminum based DRMMCs.  
DRMMCs AA2014- 
Al2O3(P) 


















𝐸𝑐(GPa) 89 93.3 92.6 89 
𝐸𝑚 (GPa) 72 71 71 71 
𝐸𝑓 (GPa) 312 312 312 312 
𝐺𝑚 (GPa) 28 26 26 26 
𝑛′ 0.14 0.16 0.15 0.14 
𝐾 ′(MPa) 580 1066 869 824 
𝜍𝑐𝑦 (MPa) 467 387 398 389 
𝜍𝑚𝑦 (MPa) 414 340 368 352 
𝑉𝑓  0.15 0.15 0.2 0.2 
𝜆𝑙  0.1885 0.3497 0.2565 0.2635 
𝛼𝑚   
(10-6/oC) 23.6 24.3 23.2 23.8 
𝛼𝑓 (10
-6/oC) 7.4 7.4 7.4 7.4 







Fig. 2 — Enhanced dislocation density-based crack propagation fatigue life model for different DRMMCs AA6061-Al2O3p-T6 tested at 
25 °C, 𝑑 = 15μm; AA6061(D20)-Al2O3p tested at room temperature, 𝑑 = 12.6μm; AA6061(C85)-Al2O3p tested at room temperature, 









Fig. 4 — Effect of reinforcement volume fraction on the fatigue 
crack growth life of AA2014-Al2O3 DRMMC  
 
validated. Higher 𝑉𝑓  leads to low fatigue strength of 
composite
4,9
. For given 
∆𝜀𝑝𝑙
2
, the LCF strength of 
DRMMCs is normally inferior to that of the unforced 
matrix if compared in terms of 
∆𝜀𝑝𝑙
2
 (either total or 
elastic)
4, 9-11
. For given 
∆𝜀𝑝𝑙
2
, it has been established that 
the 2𝑁𝑓  of DRMMCs decreases  at  least  one order  of  





Fig. 5 — Effect of constraint on the CPZ size per unit crack length 
forAA2014-Al2O3 DRMMC  
 
The constraint ‘𝐶𝜀’ (viz., ratio of mean to effective 
strain/stress)is defined by the level of proximity of 
crack-tip to the reinforced discontinuous 
particles/fibres. The actual degradation occurs in the 
CPZ ahead of the crack-tip during fatigue crack 
propagation and the 𝐶𝜀  affects the CPZ size‘𝑤𝐶𝑃𝑍 ,𝐶’. 
Figure 5 shows the effect of constraint on the 
𝑤𝐶𝑃𝑍 ,𝐶  for different level of  
∆𝜀𝑝𝑙
2
. For entire range of 
𝐶𝜀  (0 to 0.5), the higher  
∆𝜀𝑝𝑙
2
results into large 
𝑤𝐶𝑃𝑍 ,𝐶  whereas the lower 𝐶𝜀  results into large 𝑤𝐶𝑃𝑍 ,𝐶 . 
These observations support the statement ―constraint 





3.3 Sensitivity of fatigue crack growth life  
The fatigue crack growth life is directly 
proportional to [𝑙𝑛 𝑎𝑓 𝑎𝑖  ]. Figures 6 and 7, 
respectively, shows the fatigue crack growth life of 
AA6061-Al2O3P-T6 DRMMC with initial crack length 
(𝑎𝑖) and fracture crack length (𝑎𝑓) as a parameter, 
respectively. The sensitivity of present model is 




investigated for the aluminum based DRMMC by 
assuming 𝑎𝑖  = 5 µm (Fig. 6) and 𝑎𝑓  = 2 mm  
(Fig. 7). For  ∆𝜀𝑃𝑙 2  = 2.41×10
-3
, the fatigue life 
increases by 20% when initial crack length (𝑎𝑖) 
decreases to 1 µm (Fig. 6); however, it decreases by 
13% when crack length (𝑎𝑖) increases up to 15 µm. 
Similarly, for  ∆𝜀𝑃𝑙 2  = 2.41×10
-3
, the fatigue life 
decreases by 10% if fracture crack length (𝑎𝑓) reduces 
up to 0.5 mm and increases by 12% when crack 
length (𝑎𝑓) increases up to 5 mm (Fig. 7).  
 
4 Discussion 
The aim of present work is to model the 
deformation field near the crack-tip and cyclic plastic 
flow behavior for better understanding of effects of 
micro-structural parameters. The model, based on the 
physical significance of fatigue damage, considers the 
constraint of fiber/particle on the matrix plasticity. It 
is evident from the closed form expression that under 
the total strain controlled conditions, both the local 
driving force in FDZ very near to crack-tip (Eq. 18) 
and the crack growth rate (Eq. 21) is directly 
correlated with the range of crack-tip opening 
displacement (∆𝐶𝑇𝑂𝐷). The analytical results (Fig. 2) 
are found to be in good agreement with the 
experimental observations over the wide range of 
plastic strain amplitudes.  
The mechanical aspect and micro-structural 
features such as the reinforcement size, the volume 
fraction, the constraint level near the crack-tip and the 
interfacial strength are considered in the fatigue crack 
growth propagation. The modeling is based on the 
fatigue damage evolution of the micro-structural 
element within the FDZ and fatigue behavior is 
treated as localized damage. The fatigue crack growth 
process within the FDZ is dominated by the localized 
cyclic stress, the stress concentration and micro-
structural fatigue damage evolution. When stresses 
generated exceeds the ultimate tensile strength, the 
propagation of micro-crack stops if local cyclic stress 
level reduces to ∆𝜍 2 = 𝜍𝑚𝑦 . 
Strengthening mechanics is one of the important 
aspect in the evaluation of fatigue crack growth life. 
In DRMMCs, strengthening effects is attributed by 
the load bearing effect of hard reinforcement (MSL 
model) and the dislocation density of matrix (EDD 
model). Moreover, the dislocation density influences 
the reinforcement size, not the volume fraction. 
Figure 3 depicts the decrease in fatigue crack growth 
life with an increase in the particle size. The yield 
strength (367.89MPa) for AA6061-Al2O3P-T6 
DRMMC obtained analytically (Eq.7) is comparable 




trapping depends upon the reinforcement size and the 
volume fraction; moreover, finer particles possess 
better fatigue strength for a given volume fraction of 
composite (Fig. 1). It should be noted that dislocation 
barriers play a vital role in the process of crack 
growth. The reinforcement poses strong barrier to 
dislocation movement and area surrounded by the 
particle experiences high internal multi-axial stresses.  
In the present work, ∆𝐶𝑇𝑂𝐷 is used as a 
correlating parameter to show the dependency of 
fatigue crack growth on the mechanical aspects and 
the micro-structural features of DRMMCs. The 
opening of crack near the tip controls the material 
deformation; hence, it is sensible to assume that 
∆𝐶𝑇𝑂𝐷 is directly related to the kinetics of fatigue 
 
 
Fig. 6 — Fatigue crack growth life of AA6061-Al2O3p-T6 




Fig. 7 — Fatigue crack growth life of AA6061-Al2O3p-T6 
DRMMC with fracture crack length as a parameter. 
 




crack growth. This concept can be used to explain the 
fatigue crack growth rate dependency on the elastic 
modulus for the wide range of metals. The 
experimental measurement of ∆𝐶𝑇𝑂𝐷 in DRMMC is 
very difficult and time consuming; hence, fatigue 
crack growth model must include the parameters such 
as the crack length, the volume fraction, the applied 
plastic strain amplitude and the yield strength of 
material. 
The CPZ correction factor  𝜆𝑙  is another important 
parameter that depends upon the material behavior, 
sample thickness, yielding criteria (whether small-
scale or large-scale yielding) and independent tothe 
temperature. The magnitude of correction factor for 
DRMMCs is higher compared with the unreinforced 
metal due to the influence of micro-structural 
parameters such as aspect ratio, reinforcement size, 
and the volume fraction of reinforcements. The local 
mix-mode loading near the crack when the location of 
crack is very close to the interface, may change the 
CPZ size, the effective driving force, the crack growth 
rate and microscopic damage, etc.
37
. 
The fatigue damage evolution is complex in 
DRMMCs than the pure metals
4-11
.The uniqueness of 
presented model is to incorporate the physical process 
of fatigue damage evolution in which the micro-
structural parameters establisha relationship between 
the microscopic and the macroscopic processes under 
the total strain conditions.  
 
5 Conclusions 
The closed form expression, incorporating both the 
strengthening effects attributed by the load bearing 
effect of hard reinforcement (MSL model) and 
enhanced dislocation density of matrix(EDD model) 
as well as constraint in the matrix, is obtained to 
estimate the fatigue crack growth life of DRMMCs, 
and to investigate the influence of dislocation density 
in low cycle fatigue applications. The present model 
can predict the dependency of particle size on the 
fatigue crack growth life and connects MSL factor 
with volume fraction in a well-defined manner. The 
following conclusions are drawn based on the 
analytical results: 
(i) The cyclic plastic deformation in the crack-tip is 
the main principal mechanical driving force for 
the propagation of fatigue crack under the fully 
strain controlled condition. 
(ii) The reduction in reinforcement size results into 
higher fatigue crack growth life. 
(iii) The analytical fatigue crack growth model based on 
MSL theory and EDD of matrix shows excellent 




𝑎 crack length 
𝐴𝐹𝐷𝑍  area of FDZ 
𝑏 Burgers vector of the matrix 
𝐶𝜀  constraint 
𝑑 particle size 
𝐸 modulus of elasticity  
𝐸𝑚  modulus of elasticity of matrix material 
𝐸𝑓  modulus of elasticity of reinforcement 
material  
𝑓𝑀𝑆𝐿  improvement factor related MSL 
𝑓𝐸𝐷𝐷  improvement factor related to EDD 
𝐺𝑚  shear modulus of the matrix material.  
𝐺𝑚𝑐  strain energy rate required to propagate the 
micro-crack 
𝑠 particle aspect ratio 
𝑘 material constant 
𝑈𝑖𝑛𝑡  interaction energy  
𝑉𝑓  reinforcement volume fraction 
𝑤𝐶𝑃𝑍 ,𝐶  cyclic plastic zone size for DRMMCs  
𝑤𝐹𝐷𝑍 ,𝐶  FDZ size for DRMMCs 
𝜍𝑐𝑦  cyclic yield strength of DRMMCs 
𝜍𝑚𝑦  cyclic yielding strength of matrix 
𝑌 crack geometry correction factor 
∆𝛼 difference in the coefficient of thermal 
expansion 
∆𝑇 temperature difference 
∆𝜍
2
 cyclic-plastic stress amplitude 
∆𝜀𝑝𝑙
2
 cyclic-plastic strain amplitude 
∆𝐾𝑒𝑓𝑓
2
 effective stress intensity range  
∆𝜍𝑒𝑓𝑓
2
 effective stress amplitude  
𝜀𝑝𝑙     accumulated average plastic strain 
𝐾′  cyclic strength coefficient 
𝜆𝑙  correction factor under the large-scale 
yielding  
𝑛′  cyclic strain hardening exponent 
𝜌 enhance dislocation density 
𝜍  local cycle stress amplitude 
𝜈 Poisson’s ratio  
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